Resonant inelastic x-ray scattering (RIXS) is a well-established tool for studying electronic, nuclear, and collective dynamics of excited atoms, molecules, and solids. An extension of this powerful method to a time-resolved probe technique at x-ray free electron lasers (XFELs) to ultimately unravel ultrafast chemical and structural changes on a femtosecond time scale is often challenging, due to the small signal rate in conventional implementations at XFELs that rely on the usage of a monochromator setup to select a small frequency band of the broadband, spectrally incoherent XFEL radiation. Here, we suggest an alternative approach, based on stochastic spectroscopy, which uses the full bandwidth of the incoming XFEL pulses. Our proposed method is relying on stimulated resonant inelastic x-ray scattering, where in addition to a pump pulse that resonantly excites the system a probe pulse on a specific electronic inelastic transition is provided, which serves as a seed in the stimulated scattering process. The limited spectral coherence of the XFEL radiation defines the energy resolution in this process and stimulated RIXS spectra of high resolution can be obtained by covariance analysis of the transmitted spectra. We present a detailed feasibility study and predict signal strengths for realistic XFEL parameters for the CO molecule resonantly pumped at the O1s ! p Ã transition. Our theoretical model describes the evolution of the spectral and temporal characteristics of the transmitted x-ray radiation, by solving the equation of motion for the electronic and vibrational degrees of freedom of the system self consistently with the propagation by Maxwell equations.
I. INTRODUCTION
X-ray free-electron lasers (XFELs), delivering high-brilliance x-ray pulses of femtosecond (fs) duration, have the potential to revolutionize our ways to probe chemical reaction dynamics and follow structural changes on the spatial and temporal scale of nuclear and electron motion. These structural changes, mostly induced by coherent pump sources not only in the optical, IR, THz but also in x-ray spectral region, are typically followed by analyzing the change in the electron density, as, for example, in time-resolved implementations of x-ray diffraction or femtosecond serial crystallography. 1,2 Time-resolved x-ray emission 3 or absorption spectroscopy, 4, 5 time-resolved resonant inelastic x-ray scattering (RIXS), 6, 7 and time-resolved photoelectron 8, 9 or Auger spectroscopy 10, 11 are complementary analysis tools to study chemical and structural changes. The combination of x-ray emission spectroscopy with x-ray crystallography within one experimental setup allows the study of both structural and chemical dynamics 12, 13 at the same experimental conditions and might evolve into a powerful tool. Time-resolved x-ray emission spectroscopy of chemically and biologically relevant samples, however, often suffers of small signal rates, which could be overcome by coherent amplification of the signal by stimulated x-ray emission. [14] [15] [16] Most notably, pump-probe experiments could take advantage of recording good-quality spectra under a single XFEL exposure. Here, we address the question of coherent signal amplification of a spectroscopic, photon-in photon-out technique-RIXS-with XFEL sources and present a feasibility study on stimulated inelastic x-ray scattering of molecular gases with intrinsically incoherent self-amplified spontaneous emission (SASE) radiation of XFELs. Our studies aim for quantitative predictive signal estimates to critically assess new opportunities of stimulated inelastic x-ray scattering at present-day XFEL sources.
RIXS is a widely applied spectroscopic technique, which probes both un-occupied and occupied electronic states, and is sensitive to electronic, vibrational, and elementary collective excitations. 17 Applications are wide ranging from solid state physics 18, 19 to high-resolution vibrational spectroscopy of molecules in the gas phase, 20, 21 hydrogen bonding in liquids, 22 and studies of charge transfer, 23, 24 etc. Compared with the inelastic x-ray scattering far above any absorption edges, RIXS adds the advantage of element specificity of the scattering process, by tuning the photon energy of the incoming beam close to inner-shell ionization edges of a specific element in a molecular complex. In that way, catalytic reaction centers in large molecular complexes, often containing heavy elements and metals, can be specifically probed, and relevant chemical information, for example, the oxidation state of a particular element in a catalytic reaction, or changes in the valence in charge-transfer processes, can be measured by a sensitive method.
With the invention of XFELs, providing x-ray pulses of fs duration, inelastic x-ray scattering is therefore becoming a viable tool to study the structural dynamics of optically induced changes in the gas, liquid, and solid phases and at interfaces with fs time resolution. The information wealth of RIXS lies in the scanning of the incoming photon energy in fine steps through absorption resonances and absorption bands and recording of the emission spectrum with high energy resolution. 25 Being a photon-in photon-out technique, the information is typically presented in a two-dimensional map, which displays a full RIXS spectrum for series of excitation spectrum in a conventional x-ray absorption spectroscopy scan. At third-generation x-ray sources based experiments, RIXS measurements are performed by using a high-resolution monochromator. At XFEL sources, the use of monochromators requires averaging over many x-ray pulses, since the effective number of photons in the monochromator band pass is highly fluctuating. A combination of self-seeded XFEL pulses 26, 27 and monochromators is a practicable experimental setting to overcome this deficiency for high-resolution RIXS studies at XFEL. 7 Here, we want to address stimulated RIXS (SRIXS), i.e., stimulated resonant inelastic (Raman) x-ray scattering, as an alternative route, to record high-resolution RIXS spectra.
Stimulated electronic x-ray Raman scattering was recently realized in atomic neon gas, 28 demonstrating coherent signal amplification by several orders of magnitude (as compared with the spontaneous RIXS). Due to the stochastic nature of SASE pulses, a refined theoretical treatment 29 was necessary to unambiguously demonstrate this effect. In usual RIXS measurements, the emission wavelength shows a linear dispersion with respect to the incoming photon energy of a narrow-band x-ray source. A typical RIXS spectrum with a SASE spectral profile, consisting of mutually phase-uncorrelated spectral intensity spikes, can be understood as an incoherent sum of RIXS spectra of narrow-band sources with different detuning from the studied resonance. A RIXS spectrum recorded with a SASE pulse therefore shows strong shot-to-shot fluctuations, with line shifts that are of stochastic nature. A covariance analysis of an ensemble of single-shot spectra, however, can be applied to reveal 2D maps similar to high-resolution RIXS maps. The goal of this work is to extend SRIXS to molecular gas targets.
Similar to the x-ray lasing (amplified spontaneous emission) in molecular targets, 15 which typically shows considerably lower gain as compared with the atomic case, Raman gain, or SRIXS cross sections in molecules tend to be considerably lower. Reasons for the smaller gain are the addition of vibrational and rotational degrees of freedom in molecular samples:
The electronic transition dipole matrix elements in molecules are lowered by Franck-Condon overlaps. The gain is distributed over many vibrational channels. In an unaligned ensemble of molecules, there is a mismatch of the molecular transition dipoles with the emitted radiation, resulting in smaller stimulated emission cross sections. A way to circumvent the problem of small RIXS cross section in molecular targets is to provide seed photons to stimulate the scattering process. In our previous SRIXS experiment in atomic neon, 28 seed photons were provided by the spectral tails of the relatively broad SASE pulses. An alternative is to operate the FEL in recently established two-color modes, 27, 30 providing two narrow-band SASE pulses within the usual broadband SASE gain bandwidth (up to dx/x % 0.1%-1%). The two SASE spectral envelopes should therefore overlap with the energy of the pump resonance and the inelastic electronic transition (dump transition) one wants to amplify (see Fig. 1 ). Since a core-excited state can typically decay to different electronic final states, by varying the dump transition energy, different valence-excited electronic states can be probed selectively. This is of special interest for "dark" emission channels with a low emission probability, which in conventional RIXS experiments are hidden by strong neighboring transition lines. A single pair of SASE pulses will certainly couple to many different vibrational levels within a single pulse. A much clearer situation could be achieved by applying two narrow-band transform limited pulses. Two-color seeded FEL schemes are, however, currently available only at the EUV FEL source FERMI in Trieste. 31 Here, we discuss a statistical approach, based on a covariance analysis of the acquired SRIXS spectra in the two-color SASE scheme, 30 which enables to unravel the rich vibrational structure of the involved electronic states. The high-energy resolution on the vibrational level using broad-band SASE pulses is possible due to the limited spectral coherence (average spike width in the spectral domain of the structured SASE pulses). 29 Statistically speaking, the covariance method provides SRIXS spectra that would have been obtained by varying pairs of coherent, narrow-band sources, with a spectral width that is smaller than the vibrational energy spacing and the core-hole lifetime. The SASE pulse-parameter regime, hence, does not allow coherent impulsive stimulated Raman scattering, to pump coherent vibrational or electronic wave packets, as discussed in applications of impulsive SRIXS (or as stimulated electronic x-ray Raman scattering) in the many different pulse-schemes for nonlinear x-ray spectroscopy. 32, 33 The paper is organized as follows: in Sec. II, we present the two-color scheme of SRIXS with SASE x-ray pulses; in Sec. III, the theoretical model and the numerical approach are outlined; results on the CO molecular are discussed in Sec. IV A, and the method of covariance FIG. 1. Two-color stimulated RIXS scheme in the CO driven by a pair of temporally overlapping SASE pulses. (a) The pump field of frequency x p is resonant to the intermediate core-excited state 1 P; the probe field of frequency x d stimulates inelastic Raman scattering channel from the core-excited to a valence-excited state 1 R À . (b) Generalized electronicvibrational level scheme of stimulated RIXS in molecules. analysis is introduced (Sec. IV B); a critical feasibility study at present-day XFEL sources is presented in Sec. V.
II. STIMULATED RIXS SCHEMES DRIVEN BY XFEL RADIATION
High-resolution SRIXS spectra can be achieved, in principle, using a two-color x-ray source of well defined discrete frequencies x p , tuned to the energy of a specific core-excited electronic state, and x d , which probes inelastic scattering channel to a specific valence excited final state. Independent variation of x p and x d allows to build a two-dimensional SRIXS map rðx p ; x d Þ, similar to the usual RIXS maps recorded at 3rd generation x-ray light sources. In the case of weak fields, the information content that can be gained in this scheme is comparable with a conventional, spontaneous RIXS measurement at a synchrotron source, if the initial state of the system is the ground state. In conventional RIXS, the full emission spectrum can be collected for one fixed incoming photon energy x p , while the SRIXS method with a coherent x-ray source of two welldefined frequencies x p and x d requires additional scanning of the energy x d and hence does not provide any advantages compared with conventional time-resolved RIXS measurements at XFELs. 7 However, the two-color coherent x-ray scheme is of interest for the study of nonlinear effects in the strong fields limit and generalised nonlinear x-ray spectroscopy in the time domain. 32, 33 Here, we apply the two-color SASE XFEL scheme 30, 34 for a benchmark study of carbonmonoxide (CO), representing the class of abundant p-conjugated systems. 35, 36 Near-edge x-ray absorption fine structure spectra at the K-edge of many oxygen, nitrogen, and carbon containing molecules conjugated by p-orbitals show a strong pre-edge resonance related to excitation of the 1s electron to the lowest unoccupied molecular orbital. 35 This bound-to-bound transition dominates over other pre-edge resonances and coupling to the electronic continuum. The transition is typically isolated from the Rydberg resonances ensuring x-ray scattering via an isolated intermediate electronic state, thus making it particularly interesting for the study of valenceexcited states of neutral molecules by RIXS. In the present paper, we focus on the numerical simulations for the OK-edge of CO. The developed method, however, are general and can be directly applied to the CK-edge of CO, NK-and OK-edges of N 2 , O 2 , NO, and other diatomic and small polyatomic molecules.
In conventional OK pre-edge RIXS spectra in CO, three partially overlapping excited valence states-1 P; 1 D, and 1 R À -have been identified, by resonant scattering via the 1s-p Ã resonance. 36 Stimulated x-ray scattering with a pair of narrow-band SASE pulses allows to particularly address one of these valence excited electronic final states. In an unaligned ensemble of CO molecules in the ground state, linearly polarized XFEL pump pulse tuned to the 1s-p Ã resonance preferentially couples to a sub-ensemble of molecules with their axis aligned orthogonal to the E-field polarization vector. (The R À P transition dipole moment is orthogonal to the molecular axis.) A dump pulse, having the same polarization direction as the pump, stimulates emission from the core-excited sub-ensemble of CO Ã molecules mainly on the P Ã ! R; D transitions, while the SRIXS to the P final state is suppressed due to the dipole interaction symmetry. The potentials of 1 R À and 1 D states are almost parallel, and therefore have a very similar vibrational RIXS profile, so we restrict our analysis to a single final state, the 1 R À .
III. THEORETICAL MODEL
In order to get realistic signal estimates of the SRIXS process, we employ a theoretical scheme that follows the evolution of the molecular system, including vibrational and electronic degrees of freedom, self consistently with the evolution of the electric field as a function of time and propagation distance through the medium. The theoretical scheme is a generalization of our previous works. 15, 29, 37 The optically pumped medium can be considered as onedimensional, given the geometry of the typical setup, 14, 28 which is roughly of cylindrical shape of large aspect ratio: In a typical experimental setup, pulses are focused to a spot size of a few lm, while the focal depth, limiting the length of the gain medium, confined in a gas cell is typically a few mm. We suppose transverse homogeneity of the focused XFEL beam and therefore apply the paraxial wave approximation for modeling the x-ray field. Due to the relatively large frequency separation of the two SASE components, we split the total electric field in two parts Eðt; zÞ ¼Ẽ p ðt; zÞ þẼ d ðt; zÞ, describing the strong field component on the pump transitioñ E p ðt; zÞ and the dump fieldẼ d ðt; zÞ. The z-direction is defined as the propagation direction of the XFEL pulse, and the field is supposed to be linearly polarized along the x-direction. The electric field componentsẼ j ðt; zÞ (j ¼ d; p) are treated in the slow-varying envelope approximation and are expanded in terms of their central frequencies x j , E j ðt; zÞ ¼ E j ðt; zÞe iðx j tÀk j zÞ þ E Ã j ðt; zÞe Àiðx j tÀk j zÞ :
(1)
For the central frequencies, we chose x p ¼ 534 eV and x d ¼ 525 eV. The SASE radiation is modeled as Gaussian noise 38, 39 of a Gaussian averaged spectrum of a specific width (here, we suppose a spectral width of 5 eV at full width half maximum of the intensity). A numerical implementation to generate stochastic slowly varying field-envelopes E j ðt; z ¼ 0Þ for the input fields can be found in Refs. 40 and 41. Within the paraxial approximation, the slow varying, complex envelopes E j ðt; zÞ are evolving by 42
where c is the speed of light in vacuum and N is the molecular density. The second term of the right hand side of Eq. (2) describes non-resonant absorption of the x-ray field due to photoionization of the valence electrons and the Carbon 1s electrons, governed by the total photoionization cross section r ph ðx j Þ. The first term of the right hand side of Eq. (2) describes the resonant coupling of the field to the different electronic/vibrational transitions through the macroscopic polarization P j . The macroscopic polarization is connected to the density matrix of the molecular system in the usual way. 42 The slow varying component P j of the polarization in the rotating wave approximation (near resonance with the field frequency x j ) is given by
The molecular system is described by the density matrix in slowly varying amplitude approximationq jk q jk e ıx kj t , where j ¼ fj e ; j g denotes a composed index referencing the electronic state j e and vibrational quantum number j (the index k is defined accordingly). We explicitly treat three electronic states: the electronic ground state denoted by g, the intermediate O1s core-excited state i, and the final electronic state f. Since the applied pump and dump fields and the transitions g ! i and i ! f are well separated in frequency, we suppose that the pump field E p only resonantly couples the vibrational manifolds of g and i and the dump field E d only directly couples i and f (see Fig. 1(b) ). In that way, the equation of motion of the density matrix (Liouville-von Neumann equation) can be simplified by applying the rotating wave approximation and the numerical solution of the coupled differential equations becomes efficient and converges fast. The off-diagonal matrix elements of the slowly varying envelope of the density matrix are governed by the following equations (in atomic units):
where we definedL
with the decay rates C lk defined as
We defined the complex Rabi frequencies R ig and R if
and x ig (x if ) is the transition frequency between vibrational sublevels of the ground g (final f) and the intermediate i states (see Fig. 1 
Þ is a product of the total electronic transition dipole moment and the vibrational Franck-Condon factors. For the CO molecule, the purely electronic transition dipole moments are fixed by d gi;e ¼ 0:05 a.u. and d if ;e ¼ 0:03 a.u., as determined by an ab initio CASSCF calculation using the MOLPRO package. 43 The Franck-Condon factor analysis is performed with the help of the solution of the stationary Schr€ odinger equation using the potential energy curves from Ref. 36 . Let us underline that the dipole interaction also depends on the angle h between the electric field polarization and the transition dipole moment of the molecule ðE Á d ij Þ ¼ Ed ij cosðhÞ. In order to compute the polarization (Eq. (3)) of the system, one actually has to average over a randomly oriented molecular ensemble. 44 This approach is numerically expensive, since Eq. (4) have to be solved independently for numerous values of the angle h. In order to reduce computational costs, in the present model, we use a reasonable approximation replacing the transition dipole moments by their rotational averages d ij;e hd ij;e i f , where hÁ Á Ái f means average over angle f between the molecular axis and polarization vector of the electric field. Let us note that the comparison of the accurate numerical average over molecular orientation 44 with the approximation used here did not show a considerable difference in the case of amplified x-ray emission. 15 We therefore opt for this approximation, which dramatically decreases the numerical effort. For the R À P transitions discussed here, hd ij;e i 2 f ¼ d 2 ij;e h sin 2 fi ¼ d 2 ij 2=3. We treat the decay of the density matrix elements by photo ionization, introducing a time and propagation-distance dependent decay rate
where r ph is approximated by the total ionization cross section at the photon energy of the pump pulse including ionization of the C 1s and valence electrons, and Uðt; zÞ is the flux of the x-ray field. Specifically, we use r ph ¼ 0:2 Mb, which was estimated using atomic values for the cross-sections r ph ðC1sÞ % 0:17 Mb, and r ph ð2p; 2sÞ % 0:03 Mb. 45 The Auger decay of the intermediate core-excited state in Eq. (4) is treated phenomenologically by the decay rate C i ¼ 0:16 eV (FWHM). 46 Since we neglect electron collisions at the considered rather low gas densities C g ¼ 0. The radiative decay of the valence-excited final states, which are dipole forbidden, are neglected (C f ¼ 0), since the decay times are long compared with all other time scales, and the decay by photoionization (C ph ) is dominating.
Although the overall decrease in the spectral intensity by above threshold absorption (absorption involving transitions from the valence electrons and Carbon 1s shell) is considered in our model, the model does not include resonance absorption of O 1s electrons in molecular ions. The resonant Auger decay is still the dominant decay process in the system, despite stimulated inelastic scattering. Thus, molecular and atomic ionic species are created during the interaction with the intense XFEL pulses, which in turn can further interact with the XFEL pulses, by, for example, another ionisation process 41, 47 or resonant interaction. 48, 49 These nonlinear interactions can lead to an alteration of the observed spectrum, as, for example, observed in our recent experiment by absorption dips 34 and in Ref. 50 . The study of the ions formation is theoretically quite involved and goes beyond this present study. The resonant absorption by ionized molecules and atoms is therefore omitted in our model. We, however, include the off-resonant absorption of the XFEL radiation by all neutral and ionized molecules in Eq. (2). The experimental conditions (mostly the optical depth) have to be optimized to maximize the Raman gain while minimizing spectral features resulting of the resonance absorption.
We solved Equations (2)-(4) numerically using a finite-difference scheme for the wave equation and the 4th order Adams method 51 for the density matrix equations. In this study, we fixed the molecular density to N ¼ 2:5 Â 10 À19 cm À3 , corresponding to the typical experimental conditions. With a flat, cylindrical focus profile, the 1D model system is invariant with respect to rescaling of the density and length of the system, under the constraint of keeping the optical density (density-length product) constant. In order to reduce CPU time, we rescaled the density and length of the medium as compared with the experimental conditions: the molecular density N 0 ¼ N Â 10 3 was increased by a factor of 1000, whereas the length of the medium was downscaled by a factor of 1000 to z 0 ¼ z Â 10 À3 . The values for the pulse energy W and number of photons in the pump (N p ) and dump (N d ) contributions of the SASE beam
are to be understood as effective values in the interaction region. Typically, the soft x-ray beamline losses are on the range of 80%-90% due to limited reflectivity of the transport and focusing optics, which has to be accounted for, if comparing the quoted values to typical machine parameters (that are typically quoted without taking into account transport losses to the experimental stations). In our calculations, we suppose a cylindricalshaped focus of a cross sectional area of s x ¼ 7 lm 2 . The number of photons on target therefore relate to the field-amplitudes of E p;d as N p;d ¼ ðcs x =8p hx p;d Þ Ð jE p;d j 2 dt. In the numerical simulations, we employ SASE pulses of a rectangular envelope of s x ¼ 100 fs duration. The pump and dump pulses overlap in time and have the same duration. The long pulse duration ensures that the spectral coherence (average width dx of a spectral SASE spike) is smaller than the vibrational level spacing, i.e., dx ! 4 lnð2Þ=s x % 0:02 eV, a prerequisite to obtain vibrationally resolved spectra (see Sec. IV B). The final spectrum I p;d ðx; zÞ is obtained by Fourier transform and squaring of the corresponding field component E p;d ðt; zÞ.
IV. RESULTS AND DISCUSSION

A. Raman gain and amplification
The first thing to investigate is the expected level of amplification of the seed pulse by SRIXS. In the atomic case, 28 amplification of the seed photons by 6-7 orders of magnitude were observed, by pumping the pre K-edge Rydberg states. For molecular targets, generally lower Raman gain and amplification levels are expected. To quantitatively predict the Raman gain, Eqs. (2)-(4) were solved for an ensemble of 4000 pairs of SASE pump and dump pulses, for realistically achievable pulse parameters at the LCLS XFEL. We suppose 10 12 photons in a 100 fs long pump pulse and 10 10 photons in the dump pulse and a focal area of 7 lm 2 , resulting in average intensities of 6.5 Â 10 16 W/cm 2 and 6.5 Â 10 14 W/cm 2 , respectively. Fig. 2(a) shows the ensemble-averaged spectra for the incoming (z ¼ 0) pair of SASE pulses (each of them is by construction a Gaussian with 5 eV at FWHM) and the transmitted pulses for different propagation lengths through the medium. The O1s ! p Ã resonance has a relatively strong electronic dipole transition element of 0.05 a.u., which at the relatively high pump intensities of 6.5 Â 10 16 W/cm 2 translates into a Rabi frequency of 2.6 eV and Rabi period of 1.6 fs. This implies that the pump pulse drives strong Rabis oscillations, with a period shorter than the Auger lifetime. 49, 52 Propagating through the medium, the pump pulse is strongly absorbed on the O1s ! p Ã resonance in CO (broad absorption feature centred at 534.5 eV, Fig. 2(b) ). The lifetime width of each vibrational state is C i ¼ 0:16 eV, corresponding to a core-hole Auger lifetime of 4 fs. With an averaged vibrational energy spacing of 0.166 eV, 53 the individual vibrational states should be observable in the absorption spectrum. Due to the strong nonlinear resonant coupling inducing Rabi oscillations (see Fig. 6 ) and broadening of the absorption features, the vibrational structure is, however, washed out. The vibrational structure can be observed in the weak pump regime (see Section IV B). Stimulated resonance scattering on the O1s ! p Ã transition leads to amplification (Raman gain) on the low-energy SASE pulse ( Fig.  2(b) , left panel) and clearly a peak grows out on the Gaussian averaged spectrum at 525 and 525.6 eV photon energy ( Fig. 2(b) , left panel), as the pulses are co-propagating through the medium. Both spectral components are attenuated about 1 order of magnitude due to the nonresonant absorption channels (photoionization of C1s and other orbitals). Compared with the transmitted incoming SASE pulse, an amplification of 1.4 times is observable in the transmitted spectra at the peak of the SRXIS feature at 525 eV photon energy.
To estimate the average Raman gain as a function of the applied intensity, we varied the incoming photon number in the pump pulse. Fig. 3 shows the Raman amplification of the dump pulse defined by
(lower panel) and the transmission of the pump pulse 
(upper panel) as a function of the propagation distance through the medium for number of incoming photons ranging from 10 10 to 10 13 . Strong pump intensities in the nonlinear resonant coupling scheme result in high Raman gains, as it is shown in Fig. 3 . Beer-Lambert's law of exponential absorption is only valid for up to 10 10 photon per pump pulse. Strong resonant coupling at N p ¼ 10 11 results in higher transmission and resonant propagation of high-intensity effective n2p-pulses through the medium. 54 The Raman amplification initially grows exponentially, but due to the absorption of the pump radiation, exponential amplification can be maintained only up to a certain propagation distance z. To achieve high Raman gain, the choice of the dump (seed) pulse intensity is also important. As a measure of the Raman gain, we introduce the integrated Raman amplification G R ðzÞ near the maximum of the emission feature at 523.5-526.5 eV (see Fig. 2(b) ) as 
where I d x; z ð Þ denotes the spectral intensity of the dump pulse at position z in the medium. Fig.  4 shows the integrated Raman amplification G R ðzÞ as a function of the number of pump photons for several values of the number of the dump (seed) photons ranging from 10 6 to 10 11 . The amplification drops for a number of pump photons exceeding 10 10 (see inset in Fig. 4 ). At this particular photon number, the intensity reaches the saturation intensity on the 1 P Ã ! 1 R À transition, i.e., the intensity is high enough so that the rate for stimulated scattering becomes comparable with the Auger-decay rate. Below this saturation regime, the amplification factor is nearly independent of the number of seed photons, corresponding to the so-called small signal gain region (see inset in Fig. 4 ). To have a realistic chance to see Raman gain in the averaged spectra, a Raman amplification of at least 50% should be targeted. For the considered pulse durations and focal size, this implies a number of pump photons N p ! 5 Â 10 11 and a number of dump photons N d 10 10 . The typical two-color spectrum of an incoming (z ¼ 0) and transmitted (for a propagation length of z ¼ 2.5 mm) SASE pulse can be seen in Fig. 5 for the three combinations of pump and dump pulse energies. Intense pump fields strongly couple the ground and core-excited states and trigger nonlinear population dynamics (Rabi flopping). Fig. 6 shows the occupation probabilities of the electronic ground, core-excited and final states, summed over all vibrational states, as a function of time for a single pair of SASE pulses. Fig. 6(a) shows that in the case of strong pump intensity after 20 fs the ground-state is mostly depleted by core-excitation. Rabi oscillations are induced between the electronic ground and intermediate states (oscillations starting at around À48 fs). Only a small fraction (on the level of 1%) of the core-excited population is transferred by stimulated resonance scattering to the final valence-excited state. The Raman gain is, hence, quite low and the majority of core-excited states decay by the resonant Auger effect. The strong-field limit, although favorable in terms of Raman gain, disguises the spectral information due to nonlinear resonant coupling. Rabi oscillations induce broadening of the spectral features. If one is not interested in strong-field features and wants to obtain highresolution spectra without altering the spectra by strong-field effects, a lower pump intensity has to be chosen.
The case of the low pump field regime N p ¼ N d ¼ 10 10 photons is presented in Fig. 6(b) . The core-excited state population is rather small in this case ( 5 %) . At the peaks of the pump pulse ( Fig. 6(b) ), the linear decrease of the ground state population is interrupted by weak Rabi oscillations between the core-excited and ground state populations. The final state's population is also small, but in the present case it shows a higher population transfer of $20% from the intermediate to the final state. The analysis of the population, the gain, and the transmitted spectrum (Fig. 2) allows to determine an optimal optical density of the sample for a given set of XFEL pulse parameters. Keeping the molecular density fixed, the optimal length of the medium corresponds to roughly to 1-3 absorption lengths at the resonance. This ensures strong population of the intermediate state and maximal SRIXS amplification. With the parameters used in the simulations of Figs. 2 and 6(a) , the optimal medium length is $3 mm.
B. Covariance analysis for high-resolution spectroscopy
In the case of moderate pump-field intensities, high-resolution SRIXS photon-in photon-out spectra can be obtained by covariance analysis of the spectra. 29 To stay in this weak-field limit, we fix the number of photons in the incoming pump pulse to 10 10 , corresponding to a pulse energy of $1 lJ. Fig. 5(c) shows the incoming and transmitted spectra for a representative pair of SASE pulses. On a linear scale, the pump pulse is absorbed after a propagation distance of 2.5 mm. As evident from Fig. 6(b) , the population of the intermediate state is below 5% at the entrance of the medium and drops down to below 0.1% at z ¼ 2.5 mm (not shown here). The expected spectral Raman amplification is typically in the range below 5% (see right panel of Fig. 5(c) ) and realistically unobservable in a single spectrum or the average. The SRIXS process is, however, extremely sensitive to the spiky spectral structure of the SASE pulses: To ensure strong resonant coupling on the pump transition, the peak of a spectral spike at frequency x p;s (where s counts the peaks of the stochastic spectrum) of the incoming pump field has to overlap or be sufficiently close to a vibronic transition x g;fi; i g of the ground state to one core-excited intermediate state fi; i g. According to the linear dispersion of resonance scattering following from the Kramers-Heisenberg equation for second order perturbation theory, 25 a spectral spike of the dump (seed) pulse x d;s has to energetically match the energy difference x d;s ¼ x p;s À x g;ff ; f g , to a specific final state ff ; f g. As a consequence, there is a correlation between the absorption strength of specific spikes of frequency x p;s and Raman gain of specific spikes of frequency x d;s . A covariance analysis 29, 55, 56 unravels this correlation and is able to map-out the complete vibronic level structure of the underlying molecular system. Evidently, this information is lost by simply averaging the spectra (see Fig. 2 ). The spectral covariance C T ðx p ; x d ; zÞ at propagation distance z is defined by C T ðx p ; x d ; zÞ ¼ hI p ðx p ; zÞI d ðx d ; zÞi À hI p ðx p ; zÞihI d ðx d ; zÞi; (12) where hÁ Á Ái denotes the average over an ensemble of XFEL pulses. For small Raman gain, it is advantageous to define the covariance of the difference spectra between incoming and outgoing pulses
Experimentally, this would imply to measure both spectra I p and I d with high resolution and find a procedure to adequately renormalize the transmitted spectrum to correct for nonresonant absorption in the medium. In this analysis, according to our absorption model in the medium, we applied the normalization factor e r ph Nz to the incoming pulses. Fig. 7 shows the covariance maps of Eqs. (12) and (13) for an ensemble of 4000 simulated pulses. The incoming x-ray pulses, by construction, do not show any correlations, so that the covariance C T ðz % 0; x p ; x d Þ is that of Gaussian noise ( Fig. 7(a) ). As propagating through the medium, the correlation between absorption and emission frequencies is building up and the fine vibrational structures and linear energy dispersion of the SRXIS process are clearly visible for the covariance of the transmitted spectra for the full propagation distance of z ¼ 1.25 mm ( Fig. 7(b) ). The vibrational fine structure and quality of the covariance map improve considerably when looking at the covariance of the difference spectra C D (Figs. 7(c) and 7(d) ). Moreover, a clear vibrational structure is already visible for an optically thin medium (Fig. 7(c) ).
The fine vibrational structure observed in Fig. 7 is clearly related to the final state vibrational progression. Indeed, the spectral features of the covariance maps follows the Raman law x p À x d ¼ x g;ff ; f g , where x g;ff ; f g denotes the RIXS energy loss. The spectral resolution here is limited mainly by the average spectral width of the individual SASE spikes dx. Let us note that in the strong field regime, discussed in Sec. IV A, covariance maps (not presented here) also show a fine structure, which, however, in addition to vibrational structure, reflects strongfield effects, such as the Autler-Townes splitting of the strongly driven resonances. In order to observe undisturbed vibrational structure, the Rabi frequencies of the two resonant transitions must be smaller than the lifetime of the core-excited state, which limits the pump intensity to values smaller than 4 Â 10 15 W/cm 2 in the present case.
To demonstrate that the SRIXS covariance map in the weak-pulse limit recovers the vibronic level structure of the system, including excitation energies, Frank-Condon factors, and transition strength, we analyze narrow spectral bands at fixed pump frequency x p and compare them to conventional RIXS spectra. Fig. 8 shows cuts through the covariance map C D (z ¼ 1.25 mm) of Fig. 7(d) for four different excitation frequencies x p (a) in comparison with the energy loss spectra at those frequencies obtained by the Kramers-Heisenberg formalism (b). A good agreement between both spectral shapes of the energy loss functions is found, both in overall shape and the position of the peaks in the energy-loss spectrum. The quality of the SRIXS covariance map can be improved by increasing the size of the ensemble. Although in this proofof-principle study, no additional information can be gained as compared with a high-resolution RIXS experiment at a third-generation synchrotron light source, the demonstration of the equivalence of both approaches in the static limit (starting from the ground state of the system) is important to validate the method. In the presently proposed form, SRIXS can be directly extended to the time-dependent pump-probe scheme, by applying the SRIXS probe process at well controlled delay times, following an optical or UV pulse, which prepared a electronic or vibrational wave packet. As in transient absorption measurements, this method could unravel coherent vibronic wave packets.
V. CRITICAL ASSESSMENT OF FEASIBILITY-PRACTICAL ISSUES
The theoretical predictions for the SRIXS in molecular gas-phase targets discussed in Section IV are based on numerical simulations using realistic experimental conditions that are, in principle, available at present-day XFEL facilities, in particular, the LCLS. 30 The European XFEL facility, currently under construction and planned to start operation in 2017, as well as the planned LCLS II project would even offer higher peak fluxes and hence widens the applicability of our proposed method. Our numerical estimates to describe the molecular medium are based on accurate ab initio calculations for the transition dipole moments and experimental potential energy curves, and the SASE x-ray radiation is simulated with the help of stochastic model giving reasonable agreement with the recorded SASE spectra. Our predictions can therefore be considered as quantitatively predictive and realistic, and the observation of SRIXS in CO has been recently experimentally attempted, 34 so far, albeit, unsuccessfully due to unfavorable conditions of the total pulse energy on sample, which could be achieved in this attempt. Here, we want to address a few practical issues and limitations, to give a fair assessment of a possible future realization of SRIXS. We will discuss restrictions and typical performance of the XFEL sources themselves (pulse energy jitter, pulse durations, photon-energy jitter, etc.), as well as typical beam-line parameters, such as the focus size, mirror losses, resolution, and dynamic range of the spectrometer setup.
Although theoretical covariance maps can reproduce the RIXS high-resolution spectra for low pump fluence, realistically, one needs a Raman gain in the range of at least 0.1 to establish experimental covariance maps of decent quality. Thus, at least 10 12 photons on target (corresponding to 100 lJ pulse energy on target for a photon energy of 534 eV) in a focal spot of 1.5 lm radius are required for SASE pulses of 100 fs duration (see Fig. 3 ). These parameters can be realistically achieved at the LCLS facility.
In addition to these quite demanding parameters for the output of the FEL radiation, the conditions on the spectroscopy setup is quite stringent. Fig. 7 shows theoretical covariance maps, calculated from ideal transmitted spectra, i.e., no shot-noise in the photon detection, background, finite dynamic range of the spectrometer setup, etc., was taken into consideration. To experimentally obtain high-quality covariance maps, one needs a spectrometer setup that (i) has high spectral resolution, on the scale of the spectral coherence of the XFEL source, (ii) has high dynamic range (at least 4 orders of magnitude), so that the weak signal of the absorbed spectral regions and spectral spikey structure of the SASE pulses can be resolved on a logarithmic scale, along with the amplified spectral regions, (iii) high read-out rates, to ensure that a large ensemble of single-shot spectra can be recorded in a reasonable amount of time.
(i) Today, only few beamlines are equipped with spectrometers of resolving power E=DE ! 10000 in soft x-ray range 57 and at most XFEL beam lines, a high-resolution spectrometer is not part of the instrumentation. With certain transportable spectrometers, a resolving power of E=DE $ 5000 can be achieved, albeit at signal loss, and loss of the dynamic range, since these resolutions require operation of the grating-based spectrometer at higher diffraction orders.
(ii) In order to get high quality SRIXS maps, one has to record the spiky structure of each individual XFEL pulse with high accuracy. Low-noise, back-illuminated x-ray CCD cameras have a dynamic range of typically $10 4 . For strong absorption resonances (as it is the case for the present study on CO), a higher dynamic range would be required. Fig. 9 shows simulated spectra of a pair of transmitted SASE pulses at two different length settings of the medium. For the thin medium (Figs. 9(a) and 9(b)), which also shows smaller Raman gain, a dynamic range of 10 4 would be required. For the medium with higher optical density (Figs. 9(c) and 9(d)), a dynamic range of 10 6 is required, to quantitatively monitor the absorption on the strong resonance. Cutting-off the spectrum at a minimum threshold intensity (simulating the finite range of the detector) leads to a smearing the covariance map and, hence, loss of spectral information. Thus, the dynamic range of the CCD camera provides us with the lower limit of the dump pulse energy as relative to the pump energy N d ! N p =10 4 . (iii) In order to improve the quality of the covariance analysis, a large number of the individual shots has to be acquired in a reasonable amount of time. The LCLS XFEL has a maximum repetition rate of 120 Hz and the upcoming European XFEL will have a repetition rate of 27 kHz. The read-out rates of commercially available small pixel ($10 Â 10 lm 2 ) x-ray CCD cameras are, however, only a few Hz, which is the main limiting factor for collecting a better statistics. Improving the dynamic range, read-out rate, and maintaining a small pixel size will be future technological challenges for high-resolution spectroscopy at XFEL sources.
All our calculations presented in Section IV are for ideal SASE pulses, simulated by Gaussian noise. The pulse energies of the individual pulses were renormalized to a constant value. In reality, SASE pulses from XFELs have additional shot-to-shot changes. Pulse-energy fluctuations can be monitored on a shot-to-shot basis and could be filtered out by partial covariance analysis. 56 A more critical issue is the jitter (shot-to-shot variation of the electron-bunch energy), which results in a jitter of the central photon energy of the pulses. Typically, the shotto-shot energy jitter is on the order of 1%. For the two-pulse SASE operation, the energy difference of the two pulses is nearly constant from shot-to-shot, but the electron-bunch energy jitter in our last experiment 34 resulted in stochastic shifts of the pair of pulses in a range of 64 eV (see Fig. 10(a) showing two randomly generated two-color SASE pulses with the energy jitter about 3 eV). To illustrate the influence of the photon-energy jitter on the covariance technique, we simulated 2000 transmitted spectra, assuming a photon-energy jitter in the range of 64 eV for pulse energy N p ¼ 10 12 ; N d ¼ 10 11 photons, similar to the pulse parameters obtained in the experiment. Fig. 10(b) shows the log-scale spectra as a function of the central photon energy of the pump component ranging from 530 to 538 eV. (In an actual experiment, this quantity is determined on a shot-to-shot basis by monitoring the electron-bunch energy.) The strong, broad absorption 1s ! p Ã resonance is clearly visible at 534 eV. Fig. 10(c The vibrational fine structure at x d ¼ 525 À 526 eV and x p ¼ 533 À 534 eV (see Fig. 7(c) ) is lost due to the neighboring strong features reflecting pulse energy jitter. The pulse parameters are adapted from the recent experiment: 34 order of 10 À6 (see Fig. 7 ), the overall scale of the covariance in Fig. 10(c) is, however, of order 10 6 , which already demonstrates that simple covariance analysis is not sufficient. A way to circumvent this problem would be to record a large quantity of single-shot spectra and plot partial covariances. 55, 56 This allows to correct for various shot-to-shot irregularities of the SASE pulses, such as central frequency, pulse energy, pulse duration, etc. In the present case, the partial-covariance analysis based on different central frequencies can help to exclude the variation of the central-photon energy jitter and to obtain the "ideal" covariance map shown in Fig.  7(b) . In order to use this technique, the electron-bunch energy of the accelerator has to be recorded for each XFEL shot and mapped to the central photon energy, which is technically feasible.
VI. CONCLUSIONS
We presented a detailed feasibility study on SRIXS, also referred to as stimulated resonant x-ray Raman scattering with SASE pulses from x-ray free-electron lasers. Our theoretical model is quantitatively predictive and includes the treatment of the electronic and vibrational degrees of freedom of the molecular system, by restricting the molecular density matrix to a number of resonantly coupled electronic states. The equations of motion for the density matrix are selfconsistently coupled to the Maxwell equations in the one-dimensional paraxial approximation, so that propagation effects, absorption, and stimulated resonant scattering can be treated. In this way, quantitative predictive spectra of the transmitted x-ray pulses are determined, which are the basis for discussing possible experiments at XFEL facilities that are available presently or in the near future. A detailed discussion of SRIXS in an ensemble of CO molecules at the O1s ! p Ã core-excited resonance is presented. The pump intensity and optical density of the gas medium can be optimized to maintain a high Raman-gain regime throughout the whole medium. For CO at density-length products of Nz % 2:5 Â 10 À18 cm À2 , an intensity on target of $6:5 Â 10 16 W/cm 2 (corresponding to 10 12 photons on a 7 lm 2 cross-sectional area within a pulse of 100 fs duration) is required to achieve a sizeable occupation of the core-excited state and inducing high Raman gains. In this regime, Raman gains of roughly an order of magnitude in the spectral intensity can be obtained, however, in the strong nonlinear coupling region of the ground state to core-excited state transition. This results in broadened spectral features that undermine high resolution spectroscopy as a diagnostic method, but open up the possibility to study nonlinear optical effects, such as Rabi oscillations and saturated stimulated electronic x-ray Raman scattering, in the x-ray region. More sophisticated statistical analysis techniques, as applied in nonlinear stochastic spectroscopy with optical light, 58 might be a pathway to extract nonlinear x-ray response functions (e.g., nonlinear susceptibilities), but need to be developed.
In the weak-field limit, SRIXS can serve as high-resolution spectral probe process of the underlying molecule, similar to conventional RIXS at third generation x-ray light sources. With SASE pulses from XFELs, high-resolution SRIXS photon-in photon-out spectra can be obtained by the acquisition of an ensemble of single-shot stochastic spectra and subsequent covariance analysis of the spectra. The energy resolution of this method is determined by the spectral coherence of the incoming SASE pulses (the average spectral spike width that is proportional to the inverse SASE pulse duration), so that with appropriately long pulses (pulse duration >50 fs) vibrational resolution can be achieved. SRIXS has several advantages over conventional RIXS. Tuning the dump (seed) pulse can be tuned to a particular electronic transition, so that otherwise "dark" or weak electronic transitions can be enhanced and accurately measured, which are otherwise buried in the RIXS signal of the strongest transitions. In contrast to the conventional time-resolved RIXS at FELs, SRIXS does not rely on the availability of a monochromator. By collecting an ensemble of SRIXS spectra of 5000 pairs of broad band SASE pulses, a complete photon-in photon-out spectrum (SRIXS map) can be achieved. The signal is detected in forward direction (homodyne detection with the incoming fields) so that high-resolution single-shot spectra can be recorded for also optically thin samples. A critical assessment of the feasibility of the experiment and the required experimental parameters was presented.
The proposed technique can be extended to larger molecular systems and to the hard x-ray spectral range, opening new doors for studying ultra fast nuclear dynamics using the advantage of high element and site selectivity of x-rays in the gas phase, liquid, and solid samples. Moreover, our theoretical study shows that stimulated electronic x-ray Raman scattering, the building block of several nonlinear x-ray pump-probe spectroscopic techniques, 32, 33 should be accessible with currently achievable x-ray intensities. These methods require, in principle, accurately timed, transform limited x-ray pulses of attosecond duration. Several theoretical proposals to create attosecond FEL pulses exist, [59] [60] [61] [62] [63] but so far remained experimentally unexplored. With the advancement of XFEL sources in seeding 26, 64, 65 and seeded two-pulse schemes, 31, 66 twopulse attosecond FEL operation might, however, be available in the near future.
